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1. INTRODUCTION

Bojanic estimated in [1] the rate of convergence of Fourier series of
functions of bounded variation. Fuhua Cheng gave a result of this type for
the Bernstein operator in [2]. We improved the result of [2] and obtained
a result of this type for the Kantorovitch operator in [3].

If fis a function defined on [0, 1], the Durrmeyer operator M, applied
to fis

~l

M(fox)=(n+1) ¥ pulx) | f(1) pult) di (1.1)

k=0 0

where

pnk(x) = <Z> Xk(l - X)” k

(see [4]).

In this paper, we shall give an estimate for the rate of convergence of
(1.1) for functions of bounded variation. Using some results of probability
theory, we shall prove the following:

THEOREM. Let f be a function of bounded variation on [0, 1] and let
V*(g.) be the total variation of g on [a, b]. Then, for every xe (0, 1) and n
sufficiently large, we have
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IM (X)) =5 (flx+)+ flx—))]

(g.)
7] k=1 Yook #
13(x(1 = !
PR 2 I Y (12)
4w/'7

where

In the last part of this paper, we shall prove that our estimate is essen-
tially the best possible.

2. LEMMaAS

The proof of the theorem is based on the following lemmas.

LemMma 1. If {¢&,) (k=1) are independent random variables with the

same distribution functions and 0 < D&, < oo, By = E(E, — EE) < o, then

] »n 1 . s ¢ /;X
P = (& —a )Sy)— e’ ‘dt’<—_—’ (2.1)
<h1 \//I’l A»Z::I g 1 AV 2n J s / b?

\/ n
where a, = E(\) (expectation of &), bi=DZ, = E(&; — EE,)’ (variance of
&) and 1//2n < ¢ <0.82 (see [5], p. 159 or [6], p. 300).

max

1

LEMMA 2. For every x€(0, 1), 0< k <n, we have

S
(X)) € ————.
pnl\( \) 2\/)«1)((] — X)

Proof. Let {&.} be a sequence of Bernoulli trials with parameter x;
P, =1)=xe(0,1), P((,=0)=1—-x. Obviously, a, =F,=x, b, =
(DEN' 2=/ x(1—x), Bz =x(1 —x)(x*+ (1 —x)*) < x(1 —x). Hence

¢ B 1 (2.3)
\/; by \/nx('l —x) N

(2.2)
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Define n, =3 7_, £,; then n,, is the number of successes in the first # trials

and
P(n,

On the other hand,

=k)= <Z> XK1= x)" F = pulx).

k—1-— —n k—
pokx)=Plk—1<n,<k)= < nx Mo 1Y d )
\/nxl—x \/nx(l—x) Vv rx(l—x)
Using Lemma 1 and (2.3), we have
! 1 phko—nx/nx(l - x) y 2C /f} 2
P X)— PR [ R —
l g « /27‘( ‘Jk — 1 n,\','\/ynx(l —x) \/}; b% o /nx(l “X)
Since
1 k—nx/nx(l — x) 5
Y B
2wk 01— n.v/\/mj'_) 27fnx(] — x)

(2.2) is proved.

LEMMA 3.

J

Z pnk X

k=0

Proof.  Since >/ _, pu(x)= Py,

For every 0 < j<n and n sufficiently large, we have

/
Z anv ll\

2

L (2.4)
nx(1 — x)

< j), using Lemma 1, we have

Z/.: ( ) j- 11\\nv(17\) 7’2’7d 1
Pl X Tdr <
k=0 f— nx(1—x)
and
z/: ( ) 1 o+ DX/ 4+ 1) x(1 = x) 12'2d
PnrulX)— j e 1< .

o J 2 S+ 1) x(1—x)
Hence

J "

Z P x) — z Pos1i(X)

k=0 k=0

} - nx//nx(l —x) 2,
I e " dr| +
nx(l —x)

/27-5 jon+ xS+ 1) x(1 - x)
1

3 1
<
S\/an(l —x)?.\/E * \/nx(l —Xx)

2
\/nx(l —x).
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LeMMA 4. For every 0 < j< n, we have

S puel)=tnt 1) [ py(r)d (25)
k=0 «

Proof. (2.5) can easily be proved by differentiating both its left-hand
and rights-hand sides.

LeEmMMA 5. If n is sufficiently large, then

A=) v < XU (26)
n n

Proof- By an easy calculation we have

nx+ 1
M s X :"7 Mn [a' =T A

X+ nx(l— x) 4 3nx 42

M, (1%, x) (n+2)n+3)
Hence
s 2L =3)x(1 = x)+ 1]
M=) == )

{2.6) follows at once for n sufficiently large.

LeMMa 6. Let K (x,)=(n+ 1) 37 _ o Pulx) poc(t). If n is sufficiently
large, then
(1) For 0< y < x, we have

¥ 2x(1 —
JKAx0w<éﬁ—¥2. 2.7)
0 n(x—y)

(2) For x<z<1, we have

2x(1 — x) (28)

1
J; K”(X, [) dt <—n-(7_—x—)2

Proof. Since 0< y<x, for te [0, y] we have

x—1
x—y

=1
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By (2.6), for n sufficiently large, we have

v v xX—1 2
f Kn(x,r)dtq (x > K, (x, 1) dt
0 0 \X—YV

<! z f(: (x —1)2 K, (x, 1) df

S ("j_\' — }-,

o 2x(1 — x)
Mn(([ X) ax)sn(x_y)z’

(x—»)°

proving (2.7). The proof of (2.8) is similar.
3. PROOF OF THE THEOREM

First,

[ ML (f,x) =3 (flx+) + flx =)
SIM (g )+ flx+) = flx—)] | M,(Sign(i —x), x)|. (3.1)

Thus to estimate |M,(f, x)—1(f(x+)+ f(x—)| we need estimates for

M (g., x)and Mn(Sign(s— x), x).
To estimate M (Sign(s — x), x), we first decompose it into two parts as

follows:

Using Lemma 4, we have

A,,(x):J] K,(x, ) di=(n+1)

X

N

= i <pnk(x) Z pn+li(x)
k=0 i

i=0

By Lemma 3, it follows that
2
. (3.2)

n k
(A”(X)— Z <pnk(x) Z pni(x)>( <—_'——
0 i=0 nx(1 —x)

k= = (
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Let
S: Z <pnk Z pm )
k=0
:pn()pn() +pnl(pn()+pnl)+ +pnn(pn() +pnl + +pnn)'
Since

I:(pn()+pnl + +plm)(pn()+pnl + o +pnn)
:pn()(pn() +pn] + o +pm1)+ +pnn(pn() +pnl +

we have

I*S:pno(/’m + - +[)ml)+pnl(prﬂ + +pnn)+ +p””

:pnn(pn()+ +p)m 1)+plm l(pn() + o +plm 2)+

and
28— I=prtpa+ -+,

Using Lemma 2, we obtain

| S =] < Poxl RN/,
4. /nx(1—x) ;\;) ‘ nx(l —x)

y (3.2) and (3.3) it follows that
On the other hand,

Hence
13

1A”(X)’*Bn(.\')|:|2A”(x)“1‘< .
nx(l —x)

T+ pnn)s

1 Pun

+ Pni Puo

(3.3)

(3.5)

The estimate of M,(g,., x) is similar to [2]. We first decompose [0, 1]

into three parts, as follows:

I [0 al J I L Y s x] ! [ =
=0, x———1|, , = x——= x , X
' Jn NZENTE fn
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Then

1

gA1) K, (x, 1) dt

<L +jb+j ) (1) K, (x, 1) di
defl

"Aln(f x)+A2n / X +A1n([ Y

Mll(g,\‘7 'V) =

(=)

1

Let A (x, 1}= I(') K, (x, u) du.
First, we estimate 4, ,(f, x). For te [,, we have

|20 = | 1) — g ()| < ViU 2N (g

and so

X =

x4+l w)/n
(A S0 <V Vg [

X — X/

Since {*d,A,(x, 1)< 1 for all [a,b]< [0, 1], therefore
A, (LX) S VIS a0 (g (3.6)

To estimate 4, ,(f, x), let y=x— (r/v ) and note that g, is normalized on
(0. 1). Using Lebesgue-Stieltjes integration by parts, we find that

A, ,(f0 x)= f )"' g(1)d, A (x. 1)

=g+ ) Al ) =[x 0 dyg.(0)
0
Since
lgdy+)=1gr+)—gdx) <V, (8.)

it follows that
AL SV ) Al )+ | Al 0 =Vi(g)

By (,}. /) of Lemma 6, we have
2x(1 —x 2x(1 — x)
X( ) X( X |

n(x—v)? n

|A1J1(.f3 X)| g V:p (gv)

v 1 )
XL (T_—t)idr( — Vgl
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Furthermore, since

oy 1 V" ‘ V\"
[ (= g )= -8 )
o (x—1)

where V,‘(g\,) is the normalized form of V(g,) and V¥(g.)=V(g.), we
have

o2 —x) (Vg N dr
A S ( : +2L V,(g\,)--——(xﬁt)3/).

X

Replacing the variable ¢ in the last integral by x — x/V/—I, we find that

RN n V\'( dt _ 1 ~n . '( ) dt

IR ! g\’ (x__[)3 12,\'2J1 Yoo g\)
- 1 ” V\ .
\2'\_'_’,\7 ] X \"\,'A(g\)

Hence

= k=1
4(1 —x) &
= |78 .
ny AZ] X \\(A(g\)
4 ]
g——-—"—— I/\ o . 37
n.‘C(l vX)k;[ X \,\,A(g\) ( )

Using a similar method and (2.8) of Lemma 6, we obtain

4 ” —
Z praa onk(g ), (3.8)

fA5,,Uf, x)| <mk:1

From (3.6), (3.7), and (3.8), it follows that

| M, (g, x)| < Z port g+ Vit 2 g,

Arl

5 h
<—= V‘,”' I 39
i 2 g (3.9)

Our theorem now follows from (3.1), (3.5), and (3.9).
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4. REMARK
We shall prove that our estimate is essentially the best possible.

Consider the function f(¢)=|t—x| (0<x<1) on {0,1]. By (2.6), for
any small 0 >0 and #» sufficiently large, we have

M”(‘[*X’,.\’) }’l+l Z pnA

k=0

x+ 0
X<Jv 8 +JI1 r>($|,AX|pnk(t)df>

o 1t
f’l+l Z pn/\(x < 1+5J (t_x)z pnk(t)dt>

k=0 0
2x(1
<o+ (@.1)
no
and
Y+ 3
Mi=x].x)>(n+1) Y pul) | =l iy di
k=0 -
] x+a )
(0 3 e[ p,,ku)dr)
O k=10 x -0
x(1—x) 1] "
2 3 -3 n
no 5[ g Pl
x| (1= x)? pult) dr
{t—x|=>d
Since

)Y Pl | pale)d

=0 [ x}>8

1

<52M ((t~x)“,x)<(52 >
where ¢, is a constant (see [4]), hence
x(1—x) ¢y

M,(l1—x]|, x)=

nd n3 6%
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Choose ¢ = 2\/’"(’1/11.\‘(1 — x). We obtain from (4.1) and (4.2) that

)32 o . 172
S 01 g GO D)
8/ ¢n NS

On the other hand, from (1.2), since V' 5(f) =2+ B, it follows that

S5(x(1—x)) ' &

M) — F)] <2y e oy
n koo
_ [ v 1
<5()c(l x)) Z _1? < 10(x(1 /_.\)) (44
I Lol \// k \/,/’ n

Hence by comparing (4.3) and (4.4), we see that (1.2) cannot be
asymptotically improved for functions of bounded variation.
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