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1, INTRODUCTION

Bojanic estimated in [1] the rate of convergence of Fourier series of
functions of bounded variation, Fuhua Cheng gave a result of this type for
the Bernstein operator in [2]. We improved the result of [2] and obtained
a result of this type for the Kantorovitch operator in [3].

IfI is a function defined on [0, 1], the Durrmeyer operator M" applied
to I is

where

fl ,,.1

M,,(f, x) = (n + 1) L p"dx) J f(r) P"k(r) dt
k ~() 0

(1.1 )

(see [4]),
In this paper, we shall give an estimate for the rate of convergence of

(J,I) for functions of bounded variation, Using some results of probability
theory, we shall prove the following:

THEOREM, Let I be a function of bounded variation on [0, 1] and let
V~(gJ be the total variation of gx on [a, b]. Then, for every x E (0, 1) and n
sufficiently larKe, we have
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where
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I M nCt; x) - ! (f( x + )+ f( x- )) I

<5(x(l-x)) I~\HIV
- L, (gx)

yt k~ I \

13(x(l-x)) I

+ r I f( x + )- f( x - ) !
4y1yt

( 1.2)

I
f(t) - f(x + )

gJt)= 0

f{t) - f(x-)

x<t~ 1

t=x

o~ t < x.

(2.1 )

(2.2)

In the last part of this paper, we shall prove that our estimate is essen­
tially the best possible.

2. LEMMAS

The proof of the theorem is based on the following lemmas.

LEMMA 1. If {~k} (k ~ 1) are independent random variables with the
same distribution functions and 0 < D~k < (Y], fi, = E((r - E(,)' <X~, then

I (
In ) I", '. I c fJm.ax P --r 2:: (( k - a d ~ y - -- I e ,".2 dt < ---;=~

\ hlylnk~1 ~. f Jnh,

where a 1 = E( ~ I) (expectation of (1), b7 = D~ I = E( ~ I - E~ 1)2 (variance of
~

~d and l/yl2n~c<0.82 (see [5J, p. 159 or [6J, p.300).

LEMMA 2. For every x E (0, I ), 0 ~ k ~ n, we have

5
Pnk(X) ~ -:=,===

2y1nx(l - x)

Proof Let {~k} be a sequence of Bernoulli trials with parameter x;
P((k=I)=XE(O,I), P(~k=O)=I-x. Obviously, al=E~I=X, b , =

(D~I)I(2=v/x(l-x), fi, =x(I-Y)(X2+(I-x)2)~x(l-X). Hence

c fi, I
---;=- ~ .
yin b; J nx( 1- x)

(2.3 )
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Define 11" = I;'~ I ~ i; then 11" is the number of successes in the first n trials
and

On the other hand,

(
k - 1- nx 11" - nx k - nx )

p",(x)=P(k-l<11,,~k)=P J <J ~ / .
nx(1-x) nx(l-x) v nx(1-x)

Using Lemma 1 and (2.3), we have

! I" "x/~ , I 2c /3, 2
( )

- 1"/2 dt < .P",x--- .__e· -3< .
I j2; t I "x/./"x(l-x) fi hi Jnx(1-x)

Since

, 1
(-/2 dt :< ----;====

"" J2nnx( 1- x)'

(2.2) is proved.

LEMMA 3. For every 0 ~ j ~ nand n sufficiently large, we have

I tp"dX)-tp"-+l,(X)I~J 2 .
, ~ 0 , ~ 0 nx( 1- x)

Proof Since ILo p",(x) = P(I1" ~j), using Lemma I, we have

(2.4 )

and

I
I 1 fl ("+I)x/~)X(I-X)e-'2/2dtl<,./(n+l)l.v(I_X)',~o P"+I'(X)- j2;>c v"

Hence

I ,to p"dx) - ,~o P" + 1'(X) I

I
1 fi -- nxl.)"x( 1 - xl 2/2 I 2

:< eo-to dt +-r===
"" j2;i (n+llx/~(,,+l)x(l <j Jnx(1-x)

1 3 1 2
~ --+ ~ .

J2nx(l-x) 2fi Jnx(l-x) Jnx(l-x)
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LEMMA 4. For every 0 ~ .i~ n, we have

I III Pn+ Ik(X) = (n + 1) . Pnj(t) dt
k 0 .\

(2.5 )

Proof: (2.5) can easily be proved by differentiating both its left-hand
and rights-hand sides.

LEMMA 5. IF n is suf[icient(v large, then

Mn(x, x) = x,

.'1'(1 ~x) J ) 2.'1'(1 ~x)
---~Mn(t-x)~,x ~ .

n n

Proof: By an easy calculation we have

nx+ 1
Mn(t, x) = --2-'

n+

2 n2
'{2 + nx( I ~ x) + 3nx + 2

M I1 (t ,.'1')= (n+2)(n+3) .

Hence

2 2[(n-3)x(l-x)+I]
Mn((t-x) ,.'1')= (n+2)(n+3) .

(2.6) follows at once for n sufficiently large.

(2.6)

LEMMA 6. Let Kn(x,t)=(n+l)LZ~oPnk(x)Pnk(t).Ifn is sufficiently
large, then

(1) For 0 ~ y < x, we have

II 2.'1'(1- x)
. Kn(x, t) dt ~ ( )2'

o nx-y

(2) For x < z ~ 1, we have

II 2.'1'(1 - x)
KI1(x,t)dt~ 2'

: n(z-x)

Proof Since 0 ~ y < x, for t E [0, y] we have

x-t 1--? .
x-y

(2.7)

(2.8)
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By (2.6), for n sufficiently large, we have

I.' K,,(x, t) dt ~ II' ( X - t.)2 K,,(x, t) dt
() 0 x- J

1 f1~( 1 (x-t)2K,,(x,t)dt
x - y)~ ()

1 2 2x( 1 - x)

( . . ) 2M,,((t-x),x)~ ( .)2'x-y nx-y

proving (2.7). The proof of (2.8) is similar.

3. PROOF OF THE THEOREM

First,

187

IMJ/; x) -! (f(x + )+ fix - )) I

~ IM/l(g"x)1 +! If(x+ )-f(x- )IIM/l(Sign(t-x), x)l. (3.1)

Thus to estimate I M,,(f, x) -! (f(x + )+ fix - ) I we need estimates for
M/l(g"x) and Mn(Sign(t-x),x).

To estimate M/l(Sign( t - x), x), we first decompose it into two parts as
follows:

,1

M/l(Sign(t - x), x = J Sign(t - x) K/l(x, t) dt
()

fl fX def
= K,,(x, t)dt- K/l(x, t)dt=A,Jx)-Bn(x).

\ 0

Using Lemma 4, we have

A,,(X)=f K/l(x,t)dt=(n+ 1) f p/lk(x)fp/lk(t)dt
~ k=O T

/l ( k )
= k~O P"k(X) i~O P,,+ li(X) .

By Lemma 3, it follows that

IA,,(x) - f (P/ld X) I PnJX)) I~ J 2. (3.2)
k~ 0 I ~ () nx(l - x)
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Let

Since
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= P"O PI/O + PI/I (p"O + P"I) + ... + p""(p,,O + P"I + '" + p",,).

/ = (p"O + P"I + '" + PI/I/)(PI/O + P"l + ... + p",,)

= p"O(PI/O + P"l + ... + p",,) + ... + p""(p,,O + P"I + ... + Pn,,)'

we have

/ - S= P"O(P"I + ... + PIlfJ + P"I(P,,2 + ... + p",,) + ... + P"" IP""

=P"I/(PI/O+ ... +p"" I)+P"I/ I(PI/O+ '" +p"" 2)+ ... +P"IP"O

and

Using Lemma 2, we obtain

5" 51) -11:<: '\' (.)-
, 2 '-': J L.. P"k'X ---;====.

4 nx(l-x) k~O 4Jnx(1 -x)

By (3.2) and (3.3) it follows that

13
IA,,(x)-~1 ,,;;--;====

. 4Jnx(l-x)

On the other hand,

·1

AI/(x) + BI/(x) = I K,,(x, t) dt = 1.
"'l)

Hence

(3.3 )

(3.4 )

(3.5)
13

IA,,(x)-B,,(x)I=12A n(x)-II";; J
2 nx(1 - x)

The estimate of M"(g,, x) is similar to [2]. We first decompose [0, I J
into three parts, as follows:

[ jx
/ I = 0, X - ----r= '

,,;n
r x I-xl

/2=Lx-~,x+ ~J' l 1+x 'j
/3 = x+~, I ...

v n
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Then

Mf/(g" x) =rgAt) Kf/(x, t) dt
a

=(t +L+ fJ gAt) Kf/(x, t)dt

Let ).f/(x, t) = Sb Kf/(x, u) duo
First, we estimate L/2.f,(f, x). For tEI2 , we have

1gAt)1 = 1gAt) - gAx)1 ~ V:+ (1- (g,)

and so

189

f
'+ (I

(gJ
\'--

Since S7, d).,,(.x, t) ~ 1 for all [a, b] S; [0, 1], therefore

I U <. ,+(1 ,)//7,L/2.f/. ,x)l"", V'_'i./;; (gxl (3.6 )

To estimate L/I."U; x), let y = x - (xl~) and note that g, is normalized on
(0. I). Using Lebesgue-Stieltjes integration by parts, we find that

L/ 1f/([' x) =rgAt) dfAf/(X, t)
a

= gAy + ) A,,(X, y) - r),,,(X, t) df gAt).
a

Since

1 g,(y+)1 = I gAy+)- gAx)1 ~ V~+(g,),

it follows that

By (2.7) of Lemma 6, we have

2x( 1 - x) 2x( 1 - x)
1L/ 1 nCf. x)1 ~ V~+(g,) ( )2 + .. nx-y n

I
I' I

x 2 d,( - V;(g,)).
o (x - t)
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Furthermore, since

SHUNSHENG GUO

•• , dt+2t V:(gJ(x_tl1

where V,' (g,) is the normalized form of V,'(g,) and V,'( g\) = V,\( g,), we
have

)'((1- '()(V\(a ) '\
Itll.,,(f, x)1 ~_. . ~ + 2 J

n x- II

Replacing the variable t in the last integral by x-

dt ')
V:(g,) (x - tl}, .

Jr, we find that

" XII dt I 'II

I" V,'(g, (V_t)1=).V2 J
1
V~'v,;;(g,)dt

~ () .\- - '\

1 "
~ ') .2 I V~ 'vl:(g,)·

...X , 1

Hence

. 2(I-x) (, "
I !ll.nCt, x) I ~ nx V(;(g,) + '~I V~

4(I-x) "
~ I V~ c~\)

nx ,e. 1

4 "
~ (I ) I v~ \/v/l:(gJ·

nx - X ,~I

\/vx(g,))

(3.7)

Using a similar method and (2.8) of Lemma 6, we obtain

4 "
1L/ 1fJ/,x)1 "S (1 ) L V~+II 'l/vk(gJ. (3.8)

nx - x ,~1

From (3.6), (3.7), and (3.8), it follows that

4 " -
IM( )Is: "V'I-II-"I/v/I:( )+V'+II ",1/.../"(' )

n g x' X -......:::: ( 1 ) 1-, x x/ ,/' k g x x - X,/ 'v/ n g x .
nx -X,~ 1

5 ", ,-
s:--- "\" V\+,II ;'J/-.j'(g.)
~. (1 ) f..., "'/'/'\'nx - x ,~I

Our theorem now follows from (3.1), (3.5), and (3.9).

(3.9)



RATE OF CONVERGENCE

4. REMARK
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We shall prove that our estimate is essentially the best possible.
Consider the function f( t) = I t - x I (0 < x < I) on [0, I]. By (2.6), for

any small b > °and n sufficiently large, we have

n

Mn(1 t - x"l, x) = (n + 1) L Pnk(X)
k~O

x(f.\~,j +f .It~xl Pnk(t)dt)
x- () If xl> ()

n . (b 1 I )~ (n + I) L. Pndx) -- +-: f (t-;xY Pndt) dt
k~O n+l (j 0

;; 2x(1 - x)
~(J+-----::-­

nb

and

Mn(lt-xl,x)):(n+l) f Pnk(X)j'Hlt-xIPnk(t)dt
k~O x-~

x f (t- X)2 Pnk(t) dt
11- xl > ij

Since

(n+l) f Pnk(X)f (t-X)2 Pnk (t)dt
k~() II \I>~

where C I is a constant (see [4]), hence

(4.1 )

(4.2)
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V,+(I,

Choose 6=2JcI!nx(l-x). We obtain from (4.1) and (4.2) that

3(x( I - x)) 12 (21' I + 1)(x(l - x)) I 2
r- :(M,,(lt-xl,x):( ~ (4.3)

8y 1', n yn1' 1

On the other hand, from (1.2), smce V: +Ill) = :x + fl, it follows that

. . 5(x(l-x)) I

IM"U,x)-j(x)l:( L
n

5(x(1-x)) I" I 10(x(l~x)) I:( I -r=:( ! (4.4)
n k I Jk vn

Hence by comparing (4.3) and (4.4), we see that (1.2) cannot be
asymptotically improved for functions of bounded variation.
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